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Problem Categories for this Meet (in addition to topics of earlier meets): 

1. Mystery: Problem solving
2. Geometry: Properties of Circles
3. Number Theory: Modular Arithmetic, Series and Sequences
4. Arithmetic: Percent Applications
5. Algebra: Word Problems (linear, including direct proportions or systems)



Important Information you need to know about NUMBER THEORY: 
Modular Arithmetic, Series and Sequences 

 
Modular Arithmetic—Clocks are something common we use to describe in 
modular arithmetic.  Our basic clock is in Mod 12, which means that it has the 
numbers 1-12 and then it repeats.  Oftentimes, zero will be used instead of the 
Mod Number. 
 
This clock is in Mod 7.  6 + 2 = 8.  8 ÷7 has a remainder of 1, so in Mod 7, 6 + 2 
=1. 
 
6•4 = 24.  24÷7 has a remainder of 3, so in Mod 7, 6•4 = 3 
 

 
 
 
 
 
Series and Sequences 

 Arithmetic sequence: a sequence that adds or subtracts the same number each 
time 
 

• To solve for a term in an arithmetic sequence, such as What is the 100th term 
in the sequence 81, 84, 87, 90,… first find the constant increase or decrease.  
In this case, +3.  Multiply the constant rate by the number of times it would be 
added to the first term (in this case, 99, because the 100th term is 99 terms 
after term 1).  Then add it to the first term.  99•3 + 81 = 378.  The 100th term 
is 378. 

• To find the sum of the terms in an arithmetic sequence, add the first and last 
terms and multiply the sum by the number of pairs (the number of terms 
divided by two).  In the previous example, to find the sum of the first 100 
terms, you would add 81 + 378 and get 459.  You’d then multiply 459 by 50 
because if there are 100 terms, there are 50 pairs that would all add up to 459.  
50 •459 = 22,950 

 



Category 3     
Number Theory          Calculator Meet 
Meet #4 - March, 2018  
 
 
1)   What is the value of the  20th  number in the following arithmetic  
      sequence? 
    3     7     11     15     19    .  .  .  . 
 
 
 
 
 
       
2)   Somnia fell asleep at  9:42 P.M.  She slept for  559  minutes.  What 
      time did she wake up the next morning? 
 
 
    
   
 
 
 
 
 
3)   The first term of an arithmetic sequence is  17  and the  60th  term 
      is  194  and the  65th  term is  209.  The sum of the first  60  terms is   
      6330.  What is the sum of the  20th  and  30th  terms?  
 
 
 
 
         Answers 
 
   1)   __________ 
 
   2)   ______ A.M. 
 
   3)   __________ 
 



Solutions to Category 3 
Number Theory 
Meet #4 - March, 2018      Answers 
 
            1)         79 
1)   There is a difference of  4  between any two 
      consecutive terms.  Thus, for any term  N,     2)       7:01    
      the value of the term is  4N - 1.  The value 
      of the 20th term is  4(20) - 1,  or  79.      3)        178 
 
2)   Convert  559  minutes to hours and minutes, 
      then add to  9:42 P.M.  First, divide  559  by 
      60:   559/60 = 9 hours and 19 minutes.  Adding 
      that to  9:42 P.M.  gives  7:01 A.M.  Since the  
      answer blank already has A.M. written, there is no need for students to  
      write the A.M. into their answer. 
 
3)   The words "arithmetic sequence" indicate that there is a constant  
      difference between any two consecutive terms.  To find that difference, it  
      is easiest to take the difference between the 60th and 65th terms and  
      divide by the number of differences, five, that it took to reach the 65th  
      term:  (209 - 194) / 5  =  15 / 5,  or  3.  So, there is a constant difference of   
      3  between any two consecutive terms.  For any Nth term, the value of  
      that term is  3N + 14,  given that the value of the first term is  17.  So, the  
      value of the 20th term is  3(20) + 14,  or  74,  and the value of the 30th  
      term is  3(30) + 14,  or  104.  The sum of the 20th and 30th terms is   
      74 + 104,  or  178.  Note:  The sentence "The sum of the first  60  terms is   
      6330" is extraneous information, but is inserted into the problem so that  
      students must exercise their critical reading skills to determine what data  
      are relevant and what data are not. 



 

Category 3     
Number Theory          Calculator Meet 
Meet #4 - February, 2016  
 
 
1)   Consider the sequence       7     10     13     16     19   . . .      where  7 
      is the value of the first term,  10  is the value of the second term, and  
      so on.  What is the value of the 30th term? 
 
 
 
 
 
       
2)   What is the sum of all whole numbers from  27  through  410 ?  In  
       other words, what is the value of    
 
  27  +  28  +  29  +  . . .  +  408  +  409  +  410 ? 
 
 
    
   
 
3)   Thirteen pre-schoolers sit in chairs numbered clockwise  1  through   
      13  that are arranged in a circle.  Evan sits in chair #4 on the first day  
      of school.  The children change seats each day by rotating one seat  
      clockwise.  In which numbered seat is Evan sitting on the 180th day of  
      school ? 
 

 
 
 
  
 
 
 
 
 
 
 
 
 

Answers 

1) 

2) 

3) 



 

Solutions to Category 3 
Number Theory 
Meet #4 - February, 2016      Answers 
 
            1)         94 
       
            2)      83,904 
 
                    3)          1    
      
         
      
      
1)   The 30th term is  4  more than the  30th multiple of  3,  or  94. 
      
2)  One simple way to compute this sum is to subtract the sum of the whole  
     numbers  1  through  26  from the sum of the whole numbers  1  through   
     410.   
  Sum (1 - 26)  =  (26/2)(1 + 26)  =  (13)(27)  =  351. 
  Sum (1 - 410)  =  (410/2)(1 + 410)  =  (205)(411)  =  84,255. 
  84,255 - 351  =  83,904. 
 
3)  Find the value of  179 mod 13.  Divide  179 by  13  to get  13  with remainder   
     10.  Since the rotation of the kids is in the same direction as the numbering  
     of the seats, Evan will sit in seat #4 (his original seat) + 10 (the remainder)  
     =  seat #1. 
 
 



 

Answers 

 

Category 3          Calculator meet 
Number Theory 

Meet #4 - February, 2014      50th anniversary edition50th anniversary edition50th anniversary edition50th anniversary edition 
 
1)  A fictional street  -  Velevis Avenue in Topsfield  -  has houses  
     numbered in this arithmetic sequence:  1,  7,  13,  19,  25,  and so on.   
     What is the number on the 43rd house on Velevis Avenue? 
 
2)  As a retirement gift, Mrs. Mosca  
     gave Mr. Mosca a clock.  Instead  
     of the customary  12  hours, the  
     clock had  7  days, as shown.  The  
     day hand points to Saturday.  If  
     the Moscas take a  100-day  
     vacation starting on Sunday, to  
     what day will the hand point when  
     they return if they return on the 
     100th day at about the same time  
     of day that they left? 
 
2)  Richie Lottabux, a local millionaire, decided to make good on his  
     New Year's resolution by giving away a total of at least one million  
     dollars to needy individuals during the month of February.  He gave  
     away the following amounts:  $1 on the 1st,  $2 on the 2nd,  $4 on the  
     3rd,  $8 on the 4th, and  $16 on the 5th.  By the 5th of February,  
     Richie had given away a total of  $31.  On which date had he given  
     away an amount that brought the month's total over  $1,000,000 for  
     the first time? 
 
    
 
  
 
    1)   __________ 
 
    2)   __________ 
 
    3)   Feb.  _____    
 
 

www.imlem.org



 

Solutions to Category 3 
Number Theory 
Meet #4 - February, 2014 
 
 
 
   Answers              1)  # of term:          1    2     3      4      5        N         43 
        value of term:   1    7    13    19    25    6N - 5    253 
1)     253     
   2)  100 divided by  7  =  14  with remainder  2.  So, the 
2)   Monday      Moscas went on vacation for  14  weeks and two 
        days, thus returning on a Monday. 
3)      20    
          
               
              
3)          # of day     # of dollars      total so far   
  
        1  1  1 
  2  2  3 
  3  4  7 
  4  8  15 
  5  16  31 
  6  32  63 
 
 Students may continue using their calculators until they arrive at  
 the 20th day's total exceeding $1,000,000 for the first time.  
 An astutely observant student may notice that the total is always  
 one less than a power of two indicated on that day.  For example,  
 on the 6th day, the total donated was  $63,  or  62 1− .  The total  
 donated by the 19th day was  $524,287,  or  192 1−   and the total  

 donated by the  20th  was  $1,048,576,  or  202 1− . 
 
  

www.imlem.org



Meet #4       February 2012                                              Calculators allowed 
 

www.imlem.org 
 

Category 3 – Number Theory 

 

1. What is the      term in the arithmetic series:                    ? 

 

 

 

2. What is the smallest natural number   that solves:                  ? 

 

 

3. The old king divided his treasure of gold coins among his    children. 

The youngest got a sack of coins, and each child afterwards got    more coins 

than the one before him. Overall,       coins were given away.  

How many coins did the oldest child get?  

Answers 

1. ___________ 

 

2. ___________ 

 

3. ___________ coins 



Meet #4       February 2012                                              Calculators allowed 
 

www.imlem.org 
 

Solutions to Category 3 – Number Theory 

 

 

1. We can see that the difference between consecutive terms 

is   , so the      term is going to be: 

             

 

 

2. The solution has to satisfy:            for some natural number k, so 

looking at the series        for           we have:                 

   is of course the smallest of these to be divisible by  , for    . 

 

 

3. If the youngest got   coins, then the next child got        coins, etc. and the 

oldest got           coins. 

The sum of this series is                     

So we can solve:   
            

  
 

     

  
     coins, and the oldest received 

              coins. 

 

 

 

 

Answers 

1.      

2.   

3.     



You may use a calculator today! 

 

Category 3 - Number Theory 

Meet #4, February 2010 

 

 

1. What is the sum of the first two natural numbers that solve the equation below? 

5 × 𝑁 ≡ 2  𝑚𝑜𝑑 11     

(Reminder: The Modulo 11 value of a number is the remainder when the number is 

divided by 11.) 

 

2. A is the series {−30, −27, −24,−21, … } 

B is the series {165, 163, 161, 159, … } 

The 𝑁𝑡  element of both series is the same.  Find N.  

(In this question, 𝑁 = 1 refers to the first element, 𝑁 = 2 to the second element, etc.) 

 

 

3. The numbers in the series  1, 2, 4, 8, 16, …  are colored in a Yellow/Red/Blue pattern: 

1 is painted Yellow, 2 Red, 4 Blue, 8 Yellow, 16 Red, etc. 

What is the color of the first number over one million? 

 

    

Answers 

  1.  _______________ 

  2.  _______________ 

  3.  _______________ 

 



You may use a calculator today! 

 

Solutions to Category 3 - Number Theory 

Meet #4, February 2010 

 

 

 

1. The meaning of 5 × 𝑁 ≡ 2  𝑚𝑜𝑑 11  in words is “if we multiply N by 5, and divide 

by 11, then the remainder is 2”.  To figure out what values of N will make that true we 

can simply try and see that 5 × 7 = 35 = 33 + 2 ≡ 2 (𝑚𝑜𝑑 11) and also 5 × 18 =

90 = 88 + 2 ≡ 2 (𝑚𝑜𝑑 11)  so the solution is 7 + 18 = 25. 

To directly solve we can write 𝑁 =  2 ÷ 5 (𝑚𝑜𝑑 11) = 2 × 5−1(𝑚𝑜𝑑 11) where 

5−1 is the reciprocal of 5 in modulo 11 so that 5−1 × 5 ≡ 1(𝑚𝑜𝑑 11).  Writing down 

the multiplication table in modulo 11 we get that 5−1 ≡ 9(𝑚𝑜𝑑 11) 

(As 5 × 9 = 45 ≡ 1 (𝑚𝑜𝑑 11) ). 

And indeed 2 × 5−1 = 2 × 9 = 18 ≡ 7(𝑚𝑜𝑑 11) is the solution. (And adding any 

multiple of 11 will also be a solution). 

 

2. The 𝑁𝑡  element of A is 𝑎𝑁 = (3 ∙ 𝑁 − 33) while the 𝑁𝑡  element of B is 

𝑏𝑁 = (167 − 2 ∙ 𝑁).  Equating the two: 3 ∙ 𝑁 − 33 = 167 − 2 ∙ 𝑁 we get 𝑁 = 40. 

Check: 𝑎40 = 𝑏40 = 87. 

 

3. The series is a geometric series where the 𝑁𝑡  element is given by the formula 

𝑎𝑁 = 2𝑁−1 (Note that the first element is 1 = 20).  The first number over a million in 

the series is 220 = 1,048,576 which is the 21𝑠𝑡  number. 

The colors follow a triple pattern, in which the 21𝑠𝑡  color is the same as the 3𝑟𝑑  color, 

which in our case is Blue. (21 = 3 = 0𝑚𝑜𝑑  3). 

   

Answers 

  1.  25 

  2.   40 

  3.   Blue 

 



 
 

Category 3      You may use a calculator today! 

Number Theory 
Meet #4, February 2008 
 
1. What is the 74th term of this arithmetic sequence? 
 
 625, 621, 617, 613, 69, 65,     .    .   . 
 

 
 
2. On January 1st, Mike did 8 math problems.  Starting January 2nd he began 

doing 3 more than he did the day before so that he did 11 problems on 
January 2nd and 14 problems on January 3rd.  He continued this each day in 
January all the way until (and including) January 31st.  How many total 
problems had Mike done during the month of January?  

 
 
 
 
3.   For how many positive integer values of x, where x > 1, is the following 

modular congruence true? 
 
     25 7 1 89:5 ;< 
 

 (Note : That statement is the same as saying 25 equals 1 in Modulo x.) 
 
 

 

 

 

 

   

 
 
 
 

Answers 

  1.  _______________ 

  2.  _______________ 

  3.  _______________ 
 



 
 

Solutions to Category 3 

Number Theory 
Meet #4, February 2008 
 
 

1.   The 74th term of the arithmetic sequence would be : 
 

625 � 7384< � 625 � 292 � =/ 
 

 

    
2.  On the first day Mike does 8 problems.  For the next 30 days 
he increase his amount 3 per day so that on January 31st he does 
8 + 30(3) = 98 problems.   
 
In total he does 8 + 11 + 14 + 17 +  ……. 95 + 98 =  
8�>?�<��

� � 8�@�<��
� � ����

� � �=2� problems 

 
 

 

 

 

3.    In order for 25 7 1 89:5 ;< , when 25 is divided by x the remainder must be 
1.  That means that x needs to go evenly into 24 so that there will be a remainder of 
1 when dividing into 25.  So x has to be a factor of 24.  There are 8 factors of 24 (1, 
2, 3, 4, 6, 8, 12, 24) but x cannot be 1 since x must be greater than 1.  That means 
there are 7 values of x that leave a remainder of 1 when 25 is divided by them, 

which is the same as saying there are 7 values of x such that 25 7 1 89:5 ;<. 
 
Note : While 25 divided by 1 has a remainder of 0, in Modular arithmetic we can 
also say that 25 7 0 7 1 7 2 7 3 7 A 89:5 1<.  This is why the exception x > 1 
was added to the problem. 
 
 

Answers 
 
1.   267     
 
2.  1643 
 

3.    7 




